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Abstract
Axon guidance by target-derived diffusible factors plays an important role in the development of the nervous
system. This paper considers the constraints imposed on this process by the mathematics of diffusion. A point
source continuously producing a factor into an infinite three-dimensional volume is considered as a model for
both the in vivo and in vitro situation. Basic constraints for effective guidance are assumed to be that the
concentration falls between certain maximum and minimum limits, and that the percentage change in
concentration across the width of the growth cone exceeds a certain minimum value. The evolution of the shape
of the gradient over time is analysed. Using biologically reasonable parameter values, it is shown that the
maximum range over which growth cone guidance by a diffusible factor is possible for large times (several days)
after the start of the production of the factor is 500-1000 ,urn. This maximum distance is independent of the
diffusion constant of the diffusing molecule, applies to both chemoattractants and chemorepellents, and agrees
with experimental data. At earlier times, however, the constraints may be satisfied for distances up to several
millimetres. The time it takes for this maximum guidance distance to fall to the asymptotic value depends on the
diffusion constant. This time is a few hours for a small molecule but as much as a few days for a large molecule.
The model therefore predicts that guidance over distances larger than 1000 ,um is possible if the start of
production of the factor is carefully matched to the time when guidance is required.

Introduction
In the developing nervous system, growing axons are guided to targets
that may be sonie distance away. Several mechanisms contribute to
this (Tessier-Lavigne and Goodman, 1996). One such mechanism is
the diffusion of' a factor from the target through the extracellular
space, creating ;I gradient of increasing concentration that axons can
sense and follow (Tessier-Lavigne and Placzek, 1991; Kennedy and
Tessier-Lavigne. 1995; Keynes and Cook, 1995). In the central
nervous system, such a process seems to occur in at least three cases:
the guidance of axons from the trigeminal ganglion to the maxillary
process in the mouse (Lumsden and Davies, 1983, 1986), of commissurd axons in the spinal cord to the floor plate (Tessier-Lavigne
et al., 1988), and of axons and axonal branches from the corticospinal
tract to the basilar pons (Heffner et al., 1990). The evidence for this
comes from both in vivo and in vitro experiments. In vivo, target cells
can be ectopically positioned by irradiation of the embryo when the
cells are migrating (O'Leary et al., 1991), or a normally present piece
of the target can be deleted by mutation (Bovolenta and Dodd, 1991).
In both these cases growth towards the new or remaining target is
seen, implicating a target-derived diffusible signal. For the in vitro
studies, a piece of target tissue is generally embedded in a threedimensional collagen gel near a piece of tissue containing the
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appropriate population of neurons. Axon growth is then observed
directed towards the target, again implicating a target-derived signal
(Lutnsden and Davies, 1983, 1986; Tessier-Lavigne et al., 1988;
Heffner et al., 1990). In vivo, for the systems described, the target is
always <500 pm from the population of axons. In vitro, where the
distance between axons and target can readily be varied, guidance is
gencrally not seen for distances >500,um. Can such a limit be
explained in terms of the mathematics of diffusion?
There are two related constraints that the distribution of a diffusible
factor must satisfy to provide an effective guidance cue at a point.
Firstly, the absolute concentration of factor must not be too small or
too large. Secondly, the fractional change in concentration of factor
across the width of the gradient-sensing apparatus, generally assumed
to bc the growth cone, must be sufficiently large. These constraints
are related because in both cases the problem is to overcome statistical
noise. At very low concentrations, noise exists due to thermal
fluctuations in the number of molecules of the factor in the vicinity
of the growth cone. At higher concentrations, the limiting source of
noise is stochastic variation in the amount of binding of the factor to
receptors distributed over the growth cone. At very high concentrations, all receptors will be saturated and no gradient will be apparent.
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TABLE
1. Summary of symbols used

Symbol

__
r
t

Description

distance between source and growth cone (cm)
time since source started producing factor (s)
concentration of factor at distance r from source at time't (niol)
C(r,f)
rate at which factor is produced (mol/s)
Y
D
diffusion constant of factor in substrate (cm2/s)
Ar
width of growth cone (cm)
p ( A r, r, 1) percent conccntration change across Ar at distance r from source
at time t

The closer the concentration is to the upper or lower limits, the higher
the gradient that is needed to ensure detection (Devreotes and
Zigmond, 1988; Tessier-Lavigne and Placzek, 1991).
The purpose of this paper is to investigate how the region over
which effective guidance can occur changes as a function of space
and time, given a aet of simple assumptions about the diffusion
and sensing processes and some rough estimates for the relevant
parameters. It is shown that these limits impose biologically significant
constraints on axon guidance, and that for plausible parameters 5001000 pm emerges as a limit on the spatial range over which guidance
can occur once the gradient has stabilized. This limit is linearly
related to the width of the growth cone, but is independent of the
diffusion constant of the diffusing molecule. However, it is also
shown that before the gradient has stabilized the region of effective
guidance is larger, up to several millimetres from the source. The
model therefore predicts that guidance over much greater distances
than previously observed could occur under certain conditions.
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both of these constraints are satisfied will vary with time. For systems,
in which axon guidance by diffusible factors has been studied in vivo,
and also for three-dimensional collagen gel assays, it is more
appropriate to consider diffusion in three dimensions rather than one
dimension. In addition, to assume that the concentration at the source
is held constant requires the existence of a regulatory mechanism. A
simpler model is that the source is just producing factor at a constant
rate. Consider such a source releasing a factor with diffusion constant
D cm2/s at rate q moVs into an infinite, spatially uniform threedimensional volume. Initially, zero decay of the factor is assumed.
The notation used is summarized in Table I, and a schematic
representation of the main conclusions of the analysis is shown
in Figure 1.
For radially symmetrical Fickian diffusion in three dimensions, the
equation satisfied by the concentration C(r,t) at distance r from the
source at time t is

For the above assumptions, this has the solution

4
C(r,t) = -erfc
4zDr

r

@t

(e.g. Crank, 1975) where erfc(x) = 1 - erf(x), and erf(x) is the
error function:

Mathematical model
The mathematics 01' how gradients can be set up by diffusion has
been extensively studied in the embryological literature. In some
embryos, regional specification may be driven by the existence of
different concentration levels of a diffusible factor at different
distances from a source (e.g. Wolpert, 1969; Eichele and Thaller,
1987; Driever and Nusslein-Volhard, 1988; Slack, 1991). A now
standard mathematical approach, pioneered by Crick (1970), is to
consider a one-dimensional system containing a point source at which
the concentration is held constant. Crick assumed a point sink, which
for large times yields a linearly decreasing concentration from source
to sink. A more complicated stable form is given by assuming a
distributed sink, i.e. uniform decay everywhere (Eichele and Thaller,
1987; Slack, 1991). In such studies a key concern has been whether
there is sufficient time for the gradient to be set up during the
appropriate stage 01' embryogenesis, i.e. for the concentration to reach
suitable threshold levels at appropriate distances from the source. A
measure of this has been taken to be the time required for the gradient
to everywhere reach within 1% of its stable value (Crick, 1970).
Such studies have led to the general conclusion that diffusion gradients
suitable for morphogenesis cannot be set up over distances greater than
-1 mm during devclopmental time periods (Crick, 1970; Slack, 1991).
The mathematical requirements for axon guidance are somewhat
different from those for morphogenesis. Firstly, for axon guidance
the concentration at a point merely needs to fall within a broad range,
whereas for appropriate differentiation it may need to achieve a rather
more narrowly constrained value (e.g. Eichele, 1987). Secondly, the
fractional change across the width of the growth cone must also
exceed a minimum value at appropriate distances, a constraint of
little relevance in morphogenesis. The regions of space over which

As t + 00, C (r,t) -+ q/4zDr. Note that the concentration at the
origin is always infinite. Intuitively this is because the derivation
assumes that each new molecule of the factor is initially released
into an infinitely small volume, from which it diffuses. The discrepancy
between this and a real physical system quickly becomes negligible
as one moves away from the source.
Two forms of chemical reaction are now considered. If the factor
is reversibly bound to the substrate so that the amount S bound at
any time equals a constant R times the local free concentration C,
then it is straightforward to show that the relevant solution of the
diffusion equation is the same as for the case without binding but
with an effective diffusion constant of Dl(R + I ) : the speed of
diffusion is simply reduced (Crank, 1975). If the factor is irreversibly
removed everywhere at a rate equal to k times the concentration, then
equation 1 becomes

By inspection it can be verified that the solution to this equation
is simply the solution to equation 1 multiplied by e-kr. The case of
irreversible binding to the substrate to create a bound gradient is
discused later.
What about the gradient? The percentage change in concentration
p across a small distance Ar (the width of the growth cone) is given by

p(r,t) =

aC

Ar

ar

C

--
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For equation 2, this can straightforwardly be calculated:
- r214Dt

1

The form o f p is identical for the two cases considered above of
reversible binding and irreversible decay. This function has two
perhaps surprising characteristics. Firstly, for fixed Y lpl decreases
with t. That is, the largest percentage change at any distance occurs
immediately after the source starts releasing the factor. For large t,
lpl asymptotes at A r k Secondly, for fixed t < ~0 numerical results
show that p is non-monotonic with r. In particular it decreases with
distance, reaches a minimum, then increases again. The position of
this minimum moves to larger distances as t increases.
The general characteristics of the above constraints can be summarized as folloms. (i) At small times after the start of production the
factor is very unevenly distributed. The concentration C falls quickly
to almost zero moving away from the source, the gradient is steep,
and the percentage change p across the growth cone is everywhere
large. (ii) As time proceeds the factor becomes more evenly distributed; C everywhere increases, but p everywhere decreases. (iii) For
large times, C tends towards inverse variation with the distance from
the source r, while lpl tends to Ar/r independent of all other parameters.
This means that for large times the maximum distance over which
guidance by diffusible factors is possible scales linearly with growth
cone diameter Ar. (iv) If there is a dispersed sink for the diffusible
factor the gradient limit is unchanged. The concentration is everywhere
divided by an amount increasing exponentially with time; the exponent
depends on the rate at which the factor is absorbed by the sink.
Figure 1 sunimarizes these results in qualitative form, while quantitative graphs for particular parameter values are shown in Figure 2.

Parameter values
In order to explore the quantitative consequences of these equations,
it is necessary to estimate appropriate values for the parameters D ,
q, Ar, the minimum and maximum C for which gradient detection
is possible, and the minimum percentage concentration change p
detectable by the growth cone.
Diffusion constant, D
Crick (1970) estimated the diffusion constant in cytoplasm for a
molecule of mass 0.3-0.5 kDa to be
cm2/s. Subsequently, a
direct determination of the diffusion constant for a molecule of mass
0.17 kDa in the aqueous cytoplasm of mammalian cells yielded a
value of -3.3 X
cm2/s (Mastro etal., 1984). By fitting a
particular solution of the diffusion equation to their data on limb bud
determination by gradients of a morphogenetically active retinoid,
Eichele and Thaller (1987) calculated a value of
cm2/s for this
molecule (mass 348.5 kDa) in embryonic limb tissue. One chemically
identified diffusible factor known to be involved in axon guidance is
the protein netrin-1, which has a molecular mass of -75 kDa (Kennedy
et al., 1994; Serafini et al., 1994). D should scale roughly inversely
with the radius of a molecule, i.e. with the cube root of its mass. Taking
the value of 3.3 X
cm2/s and scaling it by yields 4.0 X
cm2/s.s’

However, these estimates of D for cytoplasm may not be applicable
either to the in vivo situation or to collagen gels. In vivo the axon
guidance factor is diffusing not through cells but through the
extracellular space. This presumably has a very complex geometry,
slowing diffusion, but a much smaller volume than the whole threedimensional space, speeding diffusion. It is thus hard to estimate the
net effect on D. For collagen gels, Ogston et al. (1973) predicted
D r o l l a g e n / D ~on
2 ~theoretical grounds in terms of the length of
collagen chains, their radius, and the Stokes’ radius of the diffusing
molecule. However, direct measurements of Dcollagen
by Shaw and
Schy (198 1) yielded consistently lower values than those predicted
by Ogston etal. (1973), about one quarter to one half as large, for
molecules with a range of molecular masses. For instance, for
ovalbumin (mass 45 kDa) they found Dcollagen= 6 X
cm2/s.
This was for a collagen gel of concentration 5% prepared from bovine
Achilles tendon. The collagen gel used in axon guidance assays is
generally derived from bovine dermis (Lumsden and Davies, 1983)
or, most commonly, from rat tails (Lumsden and Davies, 1986;
Heffner et al., 1990), and is of variable concentration. It is possible
that D in these cases may be different from the value given by Shaw
and Schy (1981), and may vary between laboratories using different
collagen preparation protocols. It is difficult to know how big these
variations might be. Given these uncertainties, some rough guesses
are that D both in vivo and in vitro is definitely unlikely to he any
bigger than
cm2/s, and probably unlikely to be an order of
magnitude smaller than
cm2/s.
Rate of production of factor q
This is very hard to estimate in vivo: some insight can be gained by
considering in vitro experiments. Gundersen and Barrett (1979, 1980)
found a turning response in chick spinal sensory axons towards a
nearby pipette filled with a solution of nerve growth factor. They
estimated the rate of outflow from their pipette to be 1 pl/h, and
found an effect when the concentration in the pipette was as low as
0. I nM nerve growth factor (Tessier-Lavigne and Placzek, 1991).
This corresponds to a value for q of 3 X lo-” nM/s. Lohof etal.
(1992) studied growth cone turning induced by a gradient of cell
mcmbrane-permeant CAMP from a pipette containing a 20 mM
solution and a release rate of the order of 0.5 pl/s: q =
nM/s.
Below a further calculation for q is performed, which suggests that
an appropriate value may be q = 10” nM/s.
Growth cone diametec Ar
For the three systems mentioned above, the diameter of the main
body of the growth cone is <10 pm. However, this ignores filopodia,
which can increase the effective width for gradient sensing purposes.
The values of 10 and 20 pm are considered below.
Minimum concentration for gradient detection

Studies of cell chemotaxis suggest that when gradient detection is
limited by the dynamics of receptor binding rather than physical
limits due to a lack of molecules of factor, optimal detection occurs
when the concentration at the growth cone is equal to the dissociation
constant for the receptor (Zigmond, 1981; Devreotes and Zigmond,
1988). Such studies also suggest that the low concentration limit is
-1% of the dissociation constant (Zigmond, 1981). The transmem‘A much faster drop has been measured for the diffusion constant of large
brarie protein ‘Deleted in Colorectal Cancer’ has recently been shown
biological molecules in cytoplasm than would be implied by the cube root
to possess netrin-1 binding activity, with an order of magnitude
law: Mastro et al. (1984) found a ratio of D ~ ~ oof 2.6
/ ~for sucrose
~ ~ ~ ~ l ~ ~ ~
estimate
for the dissociation constant of 10 nM (Keino-Masu et al.,
(mass 0.324 ma), but 71.0 for bovine serum albumin (mass 68 kDa;
1996).
For
comparison, the dissociation constant of the low-affinity
Dcytop~asm
=
cm2/second). However, this could be due to binding in
the cytoplasm.
nerve growth factor receptor P75 is -1 nM (Meakin and Shooter,
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FIG.1. This picture shows qualitatively the distribution of factor at a short (left) and long (right) time after factor production starts. The source, in the centre of
each picture, is producing factor at a rate q mol/s. At early times (left) the concentration is relatively small everywhere, but the gradient is steep. At late times
(right) the gradient has stabilized and the concentration is higher everywhere, but the gradient is shallower. The rate at which the gradient evolves to its stable
state depends on the diffusion constant D. When D is large this happens rapidly (a few hours for the parameters used in this paper), and when D is small this
happens slowly (a few days).

1992). Therefore, low concentration limits of both lo-’ and lo-’ nM
will be considered.
Maximum concentration for gradient detection
Theoretical considerations suggest that, for leukocyte chemotaxis, sensitivity to a fixed gradient should fall off symmetrically in a plot against
the log of background concentration, with the peak at the dissociation
constant for the receptor (Zigmond, 198 1). Raising the concentration
to several hundred times the dissociation constant appears to prevent
axon guidance (discussed in Tessier-Lavigne and Placzek, 1991). At
concentrations very much greater than the dissociation constant, the
number of receptors may be down-regulated, reducing sensitivity (Zigmond, 1981). Given the dissociation constants above, 100 nM thus
constitutes a reasonable upper bound on concentration.
Minimum percentage change detectable by a growth cone, p
By establishing gradients of a repellent, membrane-bound factor
directly on a subslrate and measuring the response of chick retinal
axons, Baier and Ronhoeffer (1992) estimated p to be -1%. Studies
of cell chemotaxis in various systems have suggested optimal values
of 2%; for concentrations far from the dissociation constant for the
receptor, p is expected to be larger (Devreotes and Zigmond, 1988).
Both p = 1% and p = 2% are considered below.

Results
In order to estimate bounds for the rate of production of factor q for
biological tissue, the empirical observation is used that, for collagen

gel assays lasting of the order of 1 day, guidance is generally seen
over di\tances of at most 500 pm (Lumsden and Davies, 1983, 1986;
Tessier-Lavigne et al., 1988). Assume first that this is constrained by
the low concentration limit. Substituting the above parameters (with
D = 1 V 7 cm2/s) into equation 2 and specifying that C (500 pm, 1
day) = 0.01 nM gives q =
nM/s. On the other hand, assuming
constraint by the high concentration limit, i.e. C (500 l m , 1 day) =
100 nM, gives q =
nM/s. Thus it is reasonable to assume that,
roughly,
nM/s < q <
nM/s. The results discussed below
nM/s. For this and the
use a value in between, namely q =
above parameters, graphs of C and p at various times are shown
in Figure 2.
The constraints arising from equations 2 and 4 are plotted in
cm2/s and D =
cm2/s are
Figure 3. The cases of D =
shown in panels A, C and B, D respectively. In all four pictures the
constraints C = 0.01 nM and C = 0.1 nM are plotted. In panels A
and B the gradient constraint p = 1% is shown, whereas in C and D
p = 2% is shown. These are for a growth cone diameter of 10 pm.
The graph for a 2% change and a growth ‘cone diameter of 20 pm is
identical to that for a 1% change and a diameter of 10pm. Each
constraint is satisfied for regions to the left of the relevant line. The
line C = 100 nM is approximately coincident with the vertical axis
in all cases. For these parameters, the high concentration limit does
not therefore prevent gradient detection until the axons are within a
few microns of the source, and it is thus assumed that it is not an
important constraint.
As expected, for large t the gradient constraint aymptotes at
Arlr = p , i.e. r = 100 pmforp = 1%and r = 500 pn forp = 2% and
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FIG.2. Graphs showing the distribution of factor as a function of distance from the source for three times (3 h, solid line; 1 day, dashed line; 1 week, dotted
line). The top row (A, B) shows the concenttation while the bottom row (C, D) shows thc percentage change in concentration across the growth cone. The left
column (A, C) is calculated for a relatively quickly diffusing molecule ( D = lo4 cm'is), while the right column (B, D) is calculated for a relatively slowly
cm2/s). Note that at early times the gradient is steeper for D =
cm2/s than D = lo4 cm2/s. As time increases the gradients
diffusing molecule ( D =
for the two cases bccome more similar

a 10 pin growth cone. That is, the gradient constraint is satisfied at all
times when the distance from the source is 4 0 0 pm for p = 2% and
Ar = 10 pm. The gradient constraint lines end to the right because at
earlier times p exceeds the critical value over all distances2. As t
increases from zero, guidance is initially limited only by the concentration constraint. The maximum distance over which guidance can occur
increases smoothly with t, reaching for instance 1500 pm (assuming a
concentration limit of 0.01 nM) after -2 h for D =
cm2/s and -6 h
cm2/s. However, at a particular time the gradient constraint
for D =
starts to take effect and rapidly reduces the maximum range of guidance

towards the asymptotic value as t increases. This time (for p = 2%) is
cm2/s. It is clear
-2 h for D =
cm2/s, and -1 day for D =
from these pictures that although the exact size of the diffusion constant
does not affect the position of the asymptote for the gradient constraint,
it does play an important role in the interplay of constraints while the
gradient is evolving. The effect is, however, subtle: reducing D from
cm2/s increases the time for the C = 0.01 nM limit to
to
reach 2000 pm, but decreases the time for the C = 0.1 nM limit to
reach 2000 km.

Discussion
2Since the formula for p is non-monotonic with r, there is sometimes another
branch of each p curve (not shown) off the graph to the right.

Taking the gradient constraint to be a fractional change of at least
2% across a growth cone of width 10 or 2 0 k m yields asymptotic
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FIG. 3 . Graphs showing how the gradient constraint (solid line) interacts with the minimum concentration constraint (dashed/dotted lines) to limit guidance
range, and how these constraints evolve over time. The top row (A, B) is for p = 1%, the bottom row (C, D) for p = 2%. The left column (A, C ) is for D =
cm2/
cm2/s. Each constraint is satisfied to the left of the appropriate curve. It can be seen that for D =
cm2/s, the right column (B, D) for D =
s the gradient limit quickly becomes the dominant constraint on maximum guidance range. In contrast, for D =
cm2/s the concentration limit is the
dominant constraint at times up to several days. However, after this the gradient constraint svarts to take effect and rapidly reduces the maximum guidance range.

values for the maximum distance over which guidance can occur
once the gradient has stabilized of 500 and 1000 pm respectively.
This fits well with both in vitro data and the fact that for the systems
mentioned in the introduction the growing axons are always -500 pm
from the target in vivo. The concentration limits seem to provide a
weaker constraint than the gradient limit on the maximum distances
possible. However, this is very dependent on the value of q, which
has been estimated only very roughly: if q is significantly less than
10-7 nM/s, the low concentration limits will provide more restrictive
constraints ( q may well have different values in different target
tissues). The gradient constraint curves are independent of q. The
gradient constraint therefore provides the most robust explanation for
the observed guidance limit. These conclusions apply identically to

diffusible chemorepellents and chemoattractants. The model considers
only a point source and so does not address what happens when the
axons get very close to and enter a more realistic target of finite size.
The model makes the prediction that guidance over longer distances
than have hitherto been observed may be possible before the gradient
has stabilized. In the early stages following the start of factor
production the concentration falls off more steeply, providing more
effective guidance. The time at which guidance range is at a maximum
depends on the diffusion constant D.For a rapidly diffusing molecule
(D = 10"cm2/s) this occurs after only a few hours. For a more
slowly diffusing molecule (D = 10" cm2/s), however, this occurs
after a few days, which would be easier to investigate in vitro. In
vivo, molecules such as netrin-1 may thus be large because, during
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times immediately following the start of production by the source,
there could be a definite benefit (i.e. steep gradient) to a slowly
diffusing molecule. Also, it is conceivable that nature has optimized
the start of production of factor relative to the time that guidance is
required in order to exploit an evolving gradient for extended range.
This could be especially important in larger animals, where axons
may need to be guided over longer distances in the developing embryo.
In the guidance of axonal branches to the basilar pons, it is believed
that the gradient is detected across the axon shaft rather than the
growth cone (Sato et al., 1994). This implies a Ar of at most 2 pm,
and therefore a maximum possible distance for guidance of 100200 p n , depending on p . This constraint takes effect very rapidly
with time. The distance between the basilar pons and axons in the
corticospinal ti-act is generally < 100 p m at the time branches form.
However, in vitro, directed branch formation has been observed at
distances up to 300 k m (Sato et al., 1994). One possible explanation
is that the axon is capable of detecting a lower fractional concentration
change. Another explanation could be that branches initially extend
for a few microns before deciding whether to extend further or retract,
and are capable of comparing binding of factor at their base with
that at their tip.
Some guidance factors, most notably netrin-1, appear to bind
strongly to the substrate. It is not clear whether it is the free
distribution, substrate-bound distribution, or some combination of the
two, which guides axons. It would be interesting to calculate the
substrate-bound distribution for a particular diffusion process. However, this requires assumptions about the process of binding of free
factor to the substrate. The substrate presumably has a finite capacity
for binding thc factor: thus at large enough times the substrate will
be everywhere saturated and there will be no gradient. The approach
to this state at smaller times is beyond the scope of the present paper.
Two further possible extensions of the model are as follows. Firstly,
it is unlikely that factor is produced at a constant rate. A more
reasonable, though mathematically substantially more complicated,
model would assume a value of q increasing from zero to a maximum
and then decreasing back to zero, over a time scale of a small number
of days. Secondly, and most significantly, it is desirable to model in
more detail the gradient-sensing process itself (Berg and Purcell,
1977; Gierer, 1987). A simple model is that of two groups of
receptors, one on each side of the growth cone, that communicate a
difference-in-binding signal between them. Such a model has been
investigated i 11 detail for leukocyte chemotaxis (Tranquillo and
Lauffenburger. 1987; Tranquillo et al., 1988). However, growth cones
show some iinportantly different behaviours from leukocytes. For
instance, in the absence of a gradient they tend to grow in straight
lines rather than taking a random walk. It would also be interesting
to explore theoretically the way that the minimum fractional change
in concentration across the growth cone required for guidance changes
as a function of the absolute concentration.
Clearly the mathematical framework developed in this paper is a
crude model, particularly for the in vivo situation. In reality there will
be geometrically complicated boundary conditions for both the source
and the volume, the volume will consist of heterogeneous tissue types
in different regions that yield different diffusion constants, and the
diffusing molecule will interact chemically in complicated ways with,
for instance, cell surface receptors and the extracellular matrix.
Diffusion through the complicated geometry of the extracellular space
may have rather different properties from that for a uniform substrate,
and may not even be Fickian. However, the present model still gives
good quantitative agreement with the observed maximum guidance
distance. It provides a starting point for thinking quantitatively about
what may be possible both in vivo and in vitro, how different

parameters contribute to the limits on guidance, and which may be
the most important constraints in different situations.

Acknowledgements
I ,tin very grateful to Linda Richards, Herwig Baier, Dennis O’Leary, Marc
Tesaier-Lavigne, David Price and David Litwack for stimulating discussions,
and to Linda Richards, Herwig Baier and David Price for helpful comments
on the manuscript. I thank the anonymous reviewers for useful suggestions
regarding presentation, and Eric Klineberg for help preparing Figure 1. This
work was supported by the Alfred P. Sloan Foundation.

References
Baier, H. and Bonhoeffer, F. (1992) Axon guidance by gradients of a targetderived component. Science, 255, 472475.
Brig, H. C. and Purcell, E. M. (1977) Physics of chemoreception. Biophys.
.J., 20, 193-219.
Bovolenta, P. and Dodd, J. (1991) Perturbation of neuronal differentiation and
axon guidance in the spinal cord of mouse embryos lacking a floor plate:
analysis of Danforth’s short-tail mutation. Development, 113, 625-639.
Crick, F. (1970) Diffusion in embryogenesis. Nature, 255, 420-422.
Crank, J. (1975) The Mathematics of DifSusion, 2nd edn. Clarendon Press,
Oxford.
Devreotes, P. N. and Zigmond, S. H. (1988) Chemotaxis in eukaryotic cells:
a focus on leukocytes and Dictyostelium. Annu. Rev. Cell Biol.,4, 649-686.
Driever, W. and Nusslein-Volhard,C. (1988) A gradient of bicoid protein in
flrosophilu embryos. Cell, 54, 83-93.
Ekhele, G. (1987) Retinoids and vertebrate limb pattern formation. Trends
Genet., 5, 246-25 1.
Eichele, G. and Thaller, C. (1987) Characterization of concentration gradients
of a morphogenetically active retinoid in the chick limb bud. J. c e l l Biol.,
105, 1917-1923.
Gicrer, A. (1987) Directional cues for growing axons forming the retinotectal
projection. Development, 101, 479489.
Gundersen, R. W. and Barrett, J. N. (1979) Neuronal chemotaxis: chick dorsalroot axons turn toward high concentrations of nerve growth factor. Science,
206, 1079-1080.
Gundersen, R. W. and Barrett, J. N. (1980) Characterization of the turning
response of dorsal root neurites towards nerve growth factor. J. Cell Biol.,
87, 546-554.
Heffner, C. D., Lumsden, A. G. S. and O’Leary, D. D. M. (1990) Target
control of collateral extension and directional growth in the mammalian
brain. Science, 247,217-220.
Keino-Masu, K., Masu, M., Hinck, L., Leonardo, E. D., Chan, S. S.-Y.,
Culotti, J. G. and Tessier-Lavigne,M. (1996) Deleted in Colorectal Cancer
(DCQ encodes a netrin receptor. Cell, 87, 175-185.
Kcnnedy, T. E. and Tessier-Lavigne, M. (1995) Guidance and induction of
branch formation in developing axons by target-derived diffusible factors.
Cur): Opin. Neurobiol., 5, 83-90.
Kcnnedy, T. E., Serafini, T., de la Torre, J. R. and Tessier-Lavigne, M. (1994)
Netrins are diffusible chemotropic factors for commissural axons in the
embryonic spinal cord. Cell, 78, 425435.
Keynes, R. and Cook, G. M. W. (1995) Axon guidance molecules. Cell, 83,
161-169.
Lohof, A. M., Quillan, M., Dan, Y. and Poo, M.-M. (1992) Asymmetric
modulation of cytosolic CAMP activity induces growth cone turning.
.I. Neurosci., 12, 1253-1261.
Luinsden, A. G. S. and Davies, A. M. (1983) Earliest sensory nerve fibres
are guided to peripheral targets by attractants other than nerve growth
(actor. Nature, 306, 786-788.
Lumsden, A. G. S. and Davies, A. M. (19‘86) Chemotropic effect of specific
target epithelium in the developing mammalian nervous system. Nature,
323, 538-539.
Mastro, A. M., Babich, M. A., Taylor, W. D. and Keith, A. D. (1984) Diffusion
of a small molecule in the cytoplasm of mammalian cells. Pmc. Nut1 Acud.
Sci. USA, 81, 3414-3418.
Meakin, S. 0. and Shooter,E. M. (1992) The nerve growth family of receptors.
Trends Neurosci., 15, 323-331.
Ogston, A. G., Preston, B. N. and Wells, J. D. (1973) On the transport of
compact particles through solutions of chain-polymers. Proc. R. Soc: Lond.
Ser: A, 333, 297-316.
O’Leary,D. D. M., Heffner, C. D., Kutka, L., L-pez-Mascaraque, L., Missias,
A. and Reinoso, B. S. (1991) A target-derived chemoattractant controls the

Diffusion in axon guidance
development of the corticopontine projection by a novel mechanism of
axon targeting. Development, Suppl. 2, 123-130.
Sato, M., Lopez-Mascaraque, L., Heffner, C. D. and O'Leary, D. D. M. (1994)
Action of a diffusible target-derived chemoattractant on cortical axon branch
induction and directed growth. Neuron, 13, 791-803.
Serafini, T., Kennedy, T. E., Galko, M. .I.
Mirzayan,
,
C., Jessell, T. M. and
Tessier-Ldvigne, M. (1994) The netrins define a family of axon outgrowthpromoting proteins homologous to C. elegans UNC-6. Cell, 78, 409-424.
Shaw, M. and Schy, A. (1981) Diffusion coefficient measurement by the
"stop-flow" method ill a 5% collagen gel. Biuphys. J . , 34, 375-381.
Slack, J. M. W. (1991) From Egg to Embryo: Regional Specification in Early
Development, 2nd edn. Cambridge University Press, Cambridge, UK.
Tessier-Lavigne, M. and Goodman, C. S. (1996) The molecular biology of
axon guidance. Sciencv, 274, 1123-1133.

1421

Tessier-Lavigne, M. and Placzek, M. (1991) Target attraction: are developing
axons guided by chemotropism? Trends Neurosci., 14, 303-310.
Tessier-Lavigne, M., Placzek, M., Lumsden, A. G. S., Dodd, J. and Jessell, T.
M. (1988) Chemotropic guidance of developing axons in the mammalian
central ncrvous system. Nature, 336, 775-178.
Tranquillo, R. T. and Lauffenburger, D. A. (1987) Stochastic model of
leukocyte chemosensory movement. J. Math. B i d , 25, 229-262.
Tranquillo, R. T., Lauffenburger, D. A. and Zigmond, S. H. (1988) A stochastic
model for leukocyte random motility and chemotaxis based on receptor
binding fluctuations. J. Math. Biol., 25, 229-262.
Wolpert, L. (1969) Positional information and the spatial pattern of cellular
differentiation. J. Theoret. Biol., 25, 1-47.
Zigmond, S. H. (1981) Consequences of chemotactic peptide receptor
modulation for leukocyte orientation. J. Cell B i d , 88, 644-647.

