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Abstract A paradigm model system for studying the devel-
opment of patterned connections in the nervous system is the
topographic map formed by retinal axons in the optic tec-
tum/superior colliculus. Starting in the 1970s, a series of
computational models have been proposed to explain map
development in both normal conditions, and perturbed con-
ditions where the retina and/or tectum/superior colliculus
are altered. This stands in contrast to more recent mod-
els that have often been simpler than older ones, and tend
to address more limited data sets, but include more recent
genetic manipulations. The original exploration of many of
the early models was one-dimensional and limited by the
computational resources of the time. This leaves open the
ability of these early models to explain both map develop-
ment in two dimensions, and the genetic manipulation data
that have only appeared more recently. In this article, we show
that a two-dimensional and updated version of the XBAM
model (eXtended Branch Arrow Model), first proposed in
1982, reproduces a range of surgical map manipulations
not yet demonstrated by more modern models. A system-
atic exploration of the parameter space of this model in two
dimensions also reveals richer behavior than that apparent
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from the original one-dimensional versions. Furthermore,
we show that including a specific type of axon—axon inter-
action can account for the map collapse recently observed
when particular receptor levels are genetically manipulated
in a subset of retinal ganglion cells. Together these results
demonstrate that balancing multiple influences on map devel-
opment seems to be necessary to explain many biologi-
cal phenomena in retinotectal map formation, and suggest
important constraints on the underlying biological variables.

Keywords Computational model - Topographic map -
Visual map - Mathematical model - Axon guidance -
Neural development - Retinocollicular

1 Introduction

A recurring feature of connection patterns in the brain is
their organization into topographic maps (Udin and Faw-
cett 1988; Kaas 1997; Thivierge and Marcus 2007). A rich
model system for understanding how such topographic maps
develop is the formation of maps between the retina and the
optic tectum (in fish, frogs, and chicks) or superior collicu-
lus (SC, in mammals). Although the later refinement of such
connection patterns is dependent on neural activity, their ini-
tial formation depends on molecular cues (Debski and Cline
2002; McLaughlin and O’Leary 2005). Sperry (1963) pro-
posed that a key mechanism underlying the formation of
maps by molecular cues is positional matching between input
and target structures based on molecular gradients within
these structures. Sperry observed that the level of molecu-
lar marker in a gradient can specify position, and hence also
provide a means for map formation between regions with
complementary molecular gradients. This is known as the
chemoaffinity hypothesis (also, chemospecificity). Although
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initial attempts to identify the molecular cues involved
were unsuccessful, many constraints on the way such cues
could operate were discovered by a combination of surgical
manipulations of the retina and/or tectum, and theoretical
modeling (Udin and Fawcett 1988; Goodhill and Richards
1999; Goodhill and Xu 2005). These studies suggested the
involvement of mechanisms besides chemoaffinity, most
notably competition between retinal axons for target space
(Gaze and Keating 1972; Prestige and Willshaw 1975).

Subsequently, key molecules underlying chemoaffinity
were identified to be members of the Eph receptor family and
their ligands, the ephrins (Cheng et al. 1995; Drescher et al.
1995; Nakamoto et al. 1996; Pasquale 2005). Two distinct
classes of Eph receptors, EphA and EphB, exist and inter-
act with their corresponding ligands, ephrinA and ephrinB,
respectively. Within each class there are a number of receptor
and ligand subtypes, and the particular subtypes expressed
typically vary between species. In general, the A-class inter-
actions control the nasotemporal retina to rostrocaudal tec-
tum/SC axis of the map, and the B-class interactions control
the dorsoventral retina to mediolateral tectum/SC axis of the
map (Fig. 1a).

These discoveries led to an accelerated recapitulation
of the mechanistic arguments proposed earlier based on
surgical manipulation studies. Initial suggestions that the
maps form entirely by chemoaffinity-based mechanisms
(e.g., Nakamoto et al. (1996); Honda (1998)) were rapidly
modified as genetic manipulations of Eph and ephrin gradi-
ents revealed that chemoaffinity was insufficient by itself to
explain the data (e.g., Feldheim et al. (2000)). Again competi-
tion was identified as a crucial constraint under many circum-
stances (e.g., Honda (2003)), though the generality of com-
petitive mechanisms has recently been challenged (Gosse
et al. 2008). The importance of receptor-based axon—axon
interactions was highlighted by experiments on the effects
of increasing the level of EphA in subsets of RGCs (Brown
et al. 2000; Reber et al. 2004). These studies suggested that
axon—axon interactions that depend on relative amounts of
EphA between interacting axons exert important effects on
topographic organization.

Few computational models have explored the mechanisms
of these receptor-based axon—axon interactions. Further-
more, there has been little attempt to reconcile and integrate
the findings of older surgical manipulation studies with more
recent genetic manipulations. This leaves open the question
of whether there is a coherent set of mechanisms which can
naturally explain both the surgical and the genetic manipu-
lation data. In this article, we show that this is indeed pos-
sible to do, using a relatively small number of assumptions,
by updating an existing model of topographic map devel-
opment. Starting with a framework originally developed in
the Arrow model (Hope et al. 1976), Branch Arrow Model
(Overton and Arbib 1982a), and eXtended Branch Arrow
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Model or XBAM (Overton and Arbib 1982b), we expanded
the model to two dimensions and to include three competing
constraints: chemoaffinity, competition, and a form of axon—
axon interaction based on the evaluation of ratios of retinal
receptor levels. We then submitted the model to a bank of
experimental manipulations representing a cross section of
surgical and genetic manipulations spanning several decades.
We first show that the model is sufficient to reproduce a
range of results, including: gross anatomical/surgical manip-
ulations, the guidance of axons without competition (Gosse
et al. 2008), and particular genetic manipulations (Brown
et al. 2000; Reber et al. 2004). We then show that chemoaf-
finity and competition by themselves cannot reproduce the
genetic manipulation results, and that receptor ratio-based
axon—axon interactions are required. Unlike simple sorting
models involving axon—axon interactions, our model explic-
itly considers both the initial ingrowth of branched retinal
axons to the tectum/SC, and their subsequent trajectories
across it. Together, our results reveal that a relatively sim-
ple mechanistic framework can explain a large and diverse
range of data regarding retinotectal map formation.

2 Methods
2.1 Model description

The model we present in this article is based on the
2D Arrow model of Hope et al. (1976), the related 1D
Branch Arrow Model of Overton and Arbib (1982a), and
1D eXtended Branch Arrow Model (XBAM) of Overton and
Arbib (1982b). We consider a 2D mapping from RGCs in
a square retinal array of unit side length to a continuous
square tectum/SC, also of unit side length. Each RGC axon is
assumed to end in an arbor containing several branches. The
central equation of the model describes the movement of a
branch b at each timestep in response to the “forces” of chem-
oaffinity, competition, and axon—axon interactions (Fig. 1b).
This movement is given by the vector M, as follows:

M, = mGp + maCp + m3l, ()

The vector Gy, in Eq. 1 represents a chemoaffinity-based
axon Guidance mechanism, C; describes a Competitive
influence, and I, represents axon—axon Interactions. Each
of these terms is weighted by a constant m1—3. The axon—
axon term, Ij, is novel, and distinct from previous imple-
mentations of axon—axon interactions, in that the receptor
ratio comparison is not relative to a particular tectal/SC axis
(as in Hope et al. (1976); Overton and Arbib (1982a,b)), and
includes an effect on growth cone motion (not modeled in
Reber et al. (2004)). Defining the position of branch b as xp,
at each timestep ¢ this position is updated as:
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Fig. 1 Midbrain retinotopic maps and gradients. a Schematized ver-
sion of the retinotectal/retinocollicular system, and the gradients of A
and B-class Eph/ephrins that characterize them. The nasotemporal axis
of the retina maps to the caudorostral tectum/SC, and is controlled
largely by the A-class Eph receptors and ephrin ligands. High levels of
EphA map to low levels of ephrinA, and low levels of EphA map to
high levels of ephrinA (a repulsive interaction). The ventrodorsal retinal
axis maps to the mediolateral axis of the tectum/SC, and is controlled
largely by the B-class Eph receptors and ephrin ligands. In contrast to
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Xp1+1 = Xp,r + My,

Here, v is a scaling parameter for the movement vector (or
equivalently for the constants 711—3); unless otherwise stated,
it takes the value 1.

2.1.1 Chemoaffinity

Each branch is assumed to have a desired termination zone
in the tectum/SC specified by molecular labels. The distribu-
tion of these labels is modeled implicitly; it is assumed that
the mismatch between the present position and the desired
position is proportional to the Euclidean distance between
those positions, and that there is a tendency for each branch
to move so as to reduce this mismatch. Axes are assumed to
be independent. Writing the position of branch b’s desired
termination zone as Xp,, and the unit vector from Xy, to X, as
Ug (bo, b), the chemoaffinity term Gy, for branch b is then:

Gy = |xp, — Xp|Ug (Do, D)

= Xbo — Xp

3
“

Itis assumed that this chemoaffinity term can only operate
while branches are on the tectum/SC.

/ EphrinA ligand

O 1. Gradient-based
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O
O
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Eye
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the EphA/ephrinA interaction, high levels of EphB map to high levels
of ephrinB, and low levels of EphB map to low levels of ephrinB (an
attractive interaction). There are subclasses of each type of receptor and
ligand, whose presence and exact distribution vary between species; this
diagram is a simplification of these situations but characterizes the gen-
eral trends. b Schematic of mechanisms modeled. Axons experience a
‘force’ from each of: (/) guidance by chemoaffinity gradients; (2) com-
petition for space; and (3) receptor-based axon—axon interactions (see
Methods)

2.1.2 Competition

The competition term C;, examines the proximity of other
nearby branches (from the same or different axons), and
models a competition for physical space in the tectum/SC.
Effectively, it acts to move branch b to areas where there are
fewer branches per unit area. The branch interaction radius
r defines a small circle around each branch tip such that the
branch tip may interact with any other branch tip that falls
within this circle. Denoting the set of all other branch tips
within this circle at a particular time as Bj, we can then write
C, as a sum of vector contributions from all branches & in
By. Writing Uc (b, k) for the unit vector from branch b to
branch k, the competition term is defined as a weighted sum
of unit vectors:

1
Cp= == D Wab. H)Uc (b, k).
1Bl /0

&)

The term ﬁ ensures the sum is normalized, while W, (b, k)
is a weighting with distance between branches, defined as:

db, k) .
1—u if: d(b, k) <2r
2r

0 otherwise

Wa(b, k) = (6)

@ Springer



Biol Cybern

where d(b, k) is the Euclidean distance between the tip of
branch b and the tip of branch k. Hence this term is maxi-
mal (with a value of one) if the branch fibers are at exactly
the same position, and falls to zero when they are separated
by a distance 2r (i.e., when the fibers cease to physically
interact).

2.1.3 Axon—axon interactions

The axon—axon interaction term describes a tendency for
nearby axons to be pushed apart if they have very differ-
ent molecular labels, i.e., levels of EphA receptor. This
is inspired by data describing fasciculation/defasciculation
effects (Hayes and Meyer 1988; Bastmeyer et al. 1995; Caras
1997) and studies of the interaction of individual axons (Bon-
hoeffer and Huf 1985), and is related to the idea that axons
cannot distinguish between themselves if they have similar
levels of EphA (Brown et al. 2000; Reber et al. 2004). Denot-
ing the receptor level of a branch as R, and using the mRNA
EphA gradient profiles published in Reber et al. (2004), the
EphA gradient along the retinal x (nasotemporal) axis is
R(x) = 0.26¢%3* + 1.05, where x = (0, 1). We introduce a
‘discrimination limit’ parameter s, which is analogous to the
discrimination limit discussed in previous experimental work
on relative signaling (Brown et al. 2000; Reber et al. 2004);
i.e., a critical value of EphA receptor ratios below which two
interacting axons are indistinguishable. The interaction term
for a branch b is then defined:
1

I, = B Z Wa(b, k)Uy(b, k) if Q(Rp, Re) > s (7)
keBy

where Uj (b, k), Wy (b, k), and By, are as previously defined
for the competition influence, and Q(Rj, Ry) is a function
that calculates the receptor ratios (and varies depending on
the specific algorithm used, as described below).

If the calculated ratio Q(Rp, Ry) is less than s (sub-
threshold), then the axons cannot discriminate between them-
selves and no interaction occurs. If, however, this value is
above threshold, then a repulsive interaction occurs. We con-
sider three algorithms corresponding to three choices for
O(Rp, Ry) (see Table 1). The first condition Q(Rp, Ry) =
Ry, / Ry describes the situation in which a branch b encounters
another branch k where the receptor ratio is suprathreshold,
and the branch with the higher level of receptor (b) is repelled.
The second condition Q(Rjp, Ry) = Rj/Rp describes the
case where similarly a suprathreshold interaction occurs, but
instead the branch with the low EphA level is repelled. The
third condition asserts that whenever there is a suprathresh-
old interaction, both axons are repelled. These conditions can
be summarized respectively as: the growth cone with higher
EphA is repelled, or the growth cone with the lower level of
EphA is repelled, or both are repelled. We refer to these con-
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Table 1 Axon-axon algorithms used in simulations

Algorithm Condition

Forward signaling O(Rp, Rk) = Ry /R

Q(Rp, Rk) = Ri/ Ry

Q(Rp, Re) = max(Ry/ Ry, R/ Rp)
Three different variations of the axon—axon algorithm were tested and
their effects explored. Unless otherwise stated, only forward signaling

is used in figures presented here. (See Methods and Supplementary
Information)

Reverse signaling

Bidirectional signaling

ditions in our model as forward, reverse, and bidirectional
signaling, respectively.

To understand how these mechanisms in our model relate
to the biological concepts, first consider a gradient of EphA,
f(x), and a gradient of ephrinA, g(x). If it is assumed
that these gradients are multiplicative inverses, such that
f(x) = 1/g(x), and that their interaction obeys first order
mass action kinetics (i.e., for a receptor R and a ligand L,
the signal S generated by their interaction can be modeled
as S = RL), then both forward and reverse signaling as
referred to in our model have the same meaning as they do
in purely biological contexts. That is, forward signal trans-
duction occurs through receptors, and reverse signal trans-
duction occurs through ligands (see Discussion for further
details and Pasquale (2005) for more detailed descriptions of
these concepts). Unless otherwise stated, all results use for-
ward signaling (see Supplementary Fig. 6 for comparisons
of these differing algorithms). Note, however, that the model
presented here only uses receptor ratio comparisons in simu-
lations, and hence does not rely on the stronger multiplicative
inverse assumption—this assumption is only considered for
interpretation and discussion of results.

There are currently no data supporting a similar discrim-
ination limit for ephrinB/EphB interactions. In view of this,
and the observations that these B-class interactions are typ-
ically attractive/adhesive rather than repulsive, we imple-
mented repulsive axon—axon interactions for ephrinA—EphA
interactions only. Note also that in the model, we have con-
sidered EphA, ephrinA, EphB, and ephrinB as single entities,
whereas in reality these are classes of receptors and ligands,
and there are multiple subtypes within each class. Individual
receptor expression varies between species, but as both A and
B-class receptors and ligands are represented in most species,
and because functions within each class tend to be very sim-
ilar, gradients are considered with these umbrella terms in
the model. There are also other guidance molecules and neu-
rotrophins which may play a role in retinotectal/retinocol-
licular map development, however, for simplicity we do not
consider these. For a detailed summary of gradients involved
in retinotectal/retinocollicular mapping see McLaughlin and
O’Leary (2005); Scicolone et al. (2009).
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2.1.4 Effect of tectal/SC borders

The above mechanisms are only applied to fibers on the tec-
tum/SC. Experimental evidence suggests that axons grow
toward the tectum/SC, even when initialized in ectopic loca-
tions (e.g., Harris (1982)). To account for this behavior, for
fibers outside the tectum/SC a non-specific tendency to move
toward the tectum/SC was included. Specifically, all fibers
outside the tectum/SC experience a vector push perpendicu-
lar to, and in the direction of, the boundary of the tectum/SC.
This applies both when axons are initially moving toward
the tectum, and if they then move off the tectum after having
arrived. This force is scaled down for fibers that are already
on the tectum/SC, but are within r (the branch interaction
radius) of a boundary. These fibers experience a push away
from the boundary in addition to the movement vector M
above. For a distance d from a boundary, the magnitude of
this push scales as 1 — d/r, and with direction perpendicular
to the boundary (see Table 2).

2.1.5 Other differences with XBAM

The original XBAM included a ‘Boundary’ term which mod-
eled interactions between fibers and graft boundaries/tectal
borders, and an ‘Averaging’ term which gave fibers from
the same axon the ability to influence each other. The latter
term has been omitted, while the former has been replaced
with the tendency (described above) for axons to move
onto the tectum/SC if they are not on it, and away from
a boundary. In addition, the fiber—fiber term has been split
into separate competition and receptor—receptor interactions
(Overton and Arbib (1982b) originally combined competi-
tion with ‘switching’ in the same term). In our simulations,
the discarded mechanisms were either unnecessary and of
no apparent influence, and/or were antagonistic toward other
mechanisms. Further differences between the models are
considered in the Discussion.

2.2 Simulations

Simulations involved a 20 x 20 grid of RGC axons, each
with 8 branches, for a total of 3200 branches simulated. For
all experiments presented, simulations with approximately
1000, 5000, and 10000 branches were also run (Supple-
mentary Fig. 4). Fibers were initialized in pseudorandom
positions just outside the tectum/SC near the rostral bor-
der. At each timestep, influences were calculated to give the
movement vector for each branch, and all branches moved
simultaneously at each step. Results presented are after 1000
iterations, as running the simulations longer resulted in no
significant change (data not shown; see also: Parameter
Space Exploration below). Free parameter values are shown
in Table 2. Sweeps of parameter space were performed in

Table 2 Table of parameters used in simulations

Parameter/variable Value used Range explored
Side of retina and tectum/SC 1 -
Iterations 1000 10%-10*
Axons 400 102-10°
Branches per axon 8 1-12

Total branches simulated 3200 ~10°-10*
Branch interaction radius r 0.05 0.001-0.5
Relative signaling ratio s 1.1 0-10

mi 0.02 0-2

my 0.2 0-2

m3 0.15 0-2
Magnitude of border effect 0.1 0.01-0.5

Values represent those typically used in simulations. Where simulations
used differing parameters, this is noted with the appropriate results. A
range of values was explored in sweeps of parameter space. (See Meth-
ods, Results, and Supplementary Information)

most experiments, and the ranges of values explored are
quoted in Table 2 and in the relevant sections of the results.
Unless otherwise stated, all results use a single parameter set
(see below). Simulations were coded in Matlab and run on
a local computing cluster. Pseudorandom numbers for initial
positions were generated using the Matlab randn function.

In all results presented here, RGCs are initialized in
a small rectangular zone just rostral to the tectal border:
x = (0,1),y = (—0.2,0). Unless otherwise stated, fibers
were distributed randomly within this zone. This was done
by choosing an initial (putative) ‘axon position’ randomly,
and then distributing branch fibers around this position in a
normal distribution with a standard deviation (SD) of 0.1.
In some animal species, there exists at least some degree of
topographic ordering in the optic tract and nerve. We modeled
this with a rough initial topographic bias in axonal position in
both axes (within the rectangular zone rostral to the tectal bor-
der). This was done by choosing initial axonal positions from
a normal distribution with SD = 0.1 around the topograph-
ically ideal position, and then again normally distributing
branch fibers around these positions. Axons can be initialized
atthe rostral tectal border all at the same time, or ingrowth can
proceed gradually, in a series of waves of ingrowth starting
from more central retina and finishing with peripheral ret-
ina (Stuermer 1988; Stuermer and Raymond 1989; Pittman
et al. 2008). For the waves of ingrowth simulations, waves
occurred at iterations 1, 100, 200, 300, 400 (final iteration
remained 1000), and the sizes of the retinal arrays at these
five points were 64, 144, 256, 324, 400. Although all these
possibilities for differing spatial and temporal ingrowth were
explored, unless otherwise specified results use ‘all at once’
and unordered ingrowth. These ingrowth conditions are sum-
marized in Table 3.
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Table 3 Ingrowth conditions used in simulations

Results presented Values explored

Initial position Rostral Rostral or

entire tectum/SC

Mediolateral None (random) Rough or no
ordering (random)
ordering
Rostrocaudal None (random) Rough or no
ordering (random)
ordering
Waves of All present at Progressive
ingrowth start waves or all

present at start

Conditions used in simulation results presented, and those explored
in more extensive simulations (see Methods and Supplementary Infor-
mation). Unless otherwise stated, all results used unordered ingrowth,
with all axons present near the rostral tectal/SC border at the start of
simulations

Table 4 Summary of EphA3 knock-in and EphA4 knock-out values
used in simulations

Chemoaffinity Axon—axon
EphA3 ki/+ kic = 0.25 kif = 1.6
EphA3 ki /ki kic =2 kif =4
EphA4 +/— kog = 0.125 ko =0.7

Values of EphA3 knock-in and EphA4 knock-out parameters used to
model the experiments of Brown et al. (2000) and Reber et al. (2004).
Knock-in and knock-out values were allowed to differ between chem-
oaffinity and axon—axon mechanisms

2.2.1 Modeling single axon topography

Analogous to the experiments of Gosse et al. (2008), we mod-
eled retinotopic map formation when only single RGC axons
were present. This was done by running 400 simulations
which used only a single RGC—having 8 branches, for a
total of 3200 branches simulated—and collating the data to
obtain outputs of topography. These results were compared
with one simulation which had 400 axons and hence 3200
branches, thus comparing ‘sparse’ (without other axons and
hence without significant competition) with ‘dense’ (with
other axons and with high levels of competition) while keep-
ing the number of branches simulated consistent.

2.2.2 Modeling EphA3 and EphA4 manipulations

The EphA manipulations performed experimentally in mice
(Brown et al. 2000; Reber et al. 2004) were modeled in the
following manner. As per Reber et al. (2004), gradients of
EphA of the form R(x) = 0.26¢>3* 4+ 1.05 were consid-
ered. A fixed knock-in amount ki was added to the recep-
tor level R(x) at alternate retinal positions to represent the
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EphA3 knock-ins, and in the case of the EphA4 knock-outs,
an amount ko was subtracted from all retinal positions.

For the chemoaffinity mechanism, we calculated an effec-
tive shift in the desired positions of axons by taking the wild-
type EphA gradient profile, and simply reading off the ret-
inal position x’ corresponding to the genetically modified
receptor amount R(x) + ki or R(x) + ki — ko (Supplemen-
tary Fig. 1). Mathematically, this amounted to inverting the
gradient function to find

x'(R) : x' = x'(R(x) + ki — ko)
~In[(R(x) — 1.05 + ki — k0)/0.26]
B 2.3 '

This allowed us to match the effect of the EphA manipula-
tion to the wild-type map, without requiring details of other
retinal and tectal/SC gradients.

The knock-in for the axon—axon interaction mechanism
was simpler in that then receptor ratio comparisons were
made directly between receptor levels. Competition did not
involve EphA/ephrinA calculations, and hence the compet-
itive component was unchanged from that described above.
Because the chemoaffinity and axon—axon interaction mech-
anisms used the knock-in differently, we allowed the specific
knock-in amount to differ between them. Unless otherwise
stated, the heterozygote EphA3 knock-in for chemoaffini-
ty, kig, was 0.25; and the heterozygote EphA3 knock-in for
axon—axon interactions, kiy, was 1.6. For the homozygote
EphA3 knock-in, ki was set to 2 and ki to 4. Heterozygote
EphA4 knock-outs were performed similarly, and took on
values kog = 0.125 and ko; = 0.7. These conditions are
summarized in Table 4.

2.2.3 Parameter space exploration and sensitivity analysis

We systematically explored the parameter space of the model,
testing a wide range of values constrained to be within
biologically realistic ranges and assessing maps qualita-
tively. Fixed parameters (those with known or approximately
known values, or values that could be estimated) were able
to be restricted to smaller ranges and just a few values,
whereas the free parameters (m1—3) required a more thor-
ough sweep through parameter space. These parameters were
constrained to be positive, with a maximum value of 2;
this upper bound was set because at each step this would
allow a maximum step size for a particular influence to
be equal to twice the tectal/SC side length. The follow-
ing 10 values were considered for each of mj, mj, and
m3 in coarse initial sweeps of all experiments simulated:
0,0.01,0.1,0.3,0.5,0.7,0.9, 1, 1.5, 2. Hence 10° combina-
tions of free parameter values were considered in each exper-
iment; however, up to 10-20 values were used in finer sweeps
for some experiments. Individual simulations generally took
up to 1 h to run on single-core processor computers, while
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sweeps through parameter space were performed on a multi-
node computing cluster.

Fixed parameters included the branch interaction radius r,
and relative signaling ratio s, as these were readily identifi-
able with biological correlates which have values that could
be estimated. The model’s sensitivity to parameter values
was analyzed by systematically varying their values about
estimates/approximately known values. Actual ranges/val-
ues are shown in Table 2. The branch interaction radius » can
be identified with the radius of a circular region that a growth
cone might reasonably be able to explore with its filopodia
during a given timestep. At minimum this should be the size
of a growth cone, which when expressed as a fraction of
tectum/SC size varies between species from approximately
0.001-0.05. (For example, a typical 10pum growth cone on a
1 cm chick SC gives the lower value, while the same growth
cone on the approximately 200pm tectum of fish and frogs
gives the upper value). This was limited to a maximum of
0.5 in simulations. A value for s has been approximated from
experiments as 1.36 (Reber et al. 2004). We started with this
value, and explored values from O to 10. In the EphA3 knock-
in simulations, knock-in amounts were systematically varied
along with discrimination limit, and axon—axon algorithm
used. We also analyzed the step size scaling parameter, or
growth cone velocity, v. This parameter v was varied from
0.01 to 5, but was set to 1 unless otherwise stated.

To ensure that the behavior of our model was stable in
time, simulations were extended to 2500 and 10000 itera-
tions and the resulting maps assessed. While they continued
to refine, there was no qualitative change in map structures
at these long times.

2.3 Trajectories and map precision

Axon trajectories were computed by taking the branch cen-
troid, or ‘center of mass’ of the branch positions for each
axon, and tracing this throughout simulations. Arbors were
represented by connecting individual branch positions to the
centroid.

Quantification of topographic maps generated by the
model was complicated by the differing experimental manip-
ulations modeled. We used a measure of distance to an ‘ideal
position’ for each experiment, and this ideal position was
calculated individually for each manipulation. For normal
development, the ideal positions were simply a square grid
of positions in the tectum/SC reflecting the square grid of ret-
inal positions of origin of RGCs (with appropriate anatomical
orientations). For the graft rotations and translocations, the
ideal positions were similarly rotated and translocated. For
expansion and compression simulations, the ideal positions
were expanded and compressed relative to normal develop-
ment, and so on. The actual measure calculated was averaged

over individual fibers, so that the normalized distance D to
the ideal position is calculated D = (Xideal — Xcurrent)/ Nfibers-

3 Results

We updated the Arrow (Hope et al. 1976) and XBAM (Over-
ton and Arbib 1982b) models of retinotectal map forma-
tion, basing our version on the interaction of three con-
straints: chemoaffinity, competition, and axon—axon inter-
actions. Growth cones are assumed to move in response to
a vector sum of “forces” representing the influence of these
constraints at each position in the tectum/SC (see Methods).
Retinal axons are branched, but for simplicity we do not
model the influence of molecular cues on branching; instead
the focus is on the process of initial growth cone targeting
to appropriate locations. We also do not model subsequent
activity-dependent refinement of the mapping. Although it
would be possible to include such effects, doing so is not
required to address the range of phenomena we consider. It
would also introduce many more parameters into the model,
the values of most of which are hard to directly constrain
from experimental data.

3.1 Normal development

For simplicity, many previous models of retinotectal map
development have assumed that map development begins
with all axons already on the tectum in a random or near-
random order (Prestige and Willshaw 1975; Hope et al. 1976;
Weber et al. 1997; Tsigankov and Koulakov 2006). However,
in normal development in vivo, retinal ganglion cell (RGC)
axons typically invade the optic tectum/SC rostrally or rostra-
laterally (Harris et al. 1987; Gaze and Grant 1978; Kaethner
and Stuermer 1992; Simon and O’Leary 1992), converging
on their target from one direction. We therefore modeled
RGC axons growing onto the tectum from a rostral location,
either all together, or as a series of waves of ingrowth with
central earlier-born RGC axons leaving the eye and reaching
the tectum first before more peripheral later-born axons (e.g.,
Straznicky and Gaze (1971); Simon and O’Leary (1992);
Pittman et al. (2008)). In both cases, a similarly ordered topo-
graphic map was formed (though slightly slower in the waves
of ingrowth condition), with only trajectory shape varying
between the two conditions (Fig 2a—e, see also Supplemen-
tary Movies M1, M2). When ingrowth proceeded in waves,
axons experienced deviations from their trajectories due to
the presence of axons already on the tectum/SC and also
due to new waves arriving. When all fibers grew into the
tectum/SC at the same time, axons experienced fewer devi-
ations, and traced out broadly smoother trajectories (effect
not quantified). These results suggest an important role for
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Fig. 2 Normal retinotectal map development. a Schematic of the ret-
ina, showing the color code used to label RGC axons in the tectum/SC
in terms of where they originated in the retina. The nasotemporal axis
of the retina maps to the rostrocaudal axis of the tectum/SC and the
dorsoventral axis of the retina maps to the mediolateral axis of the tec-
tum/SC. b—d Development of the map (at iteration 1, 100, and 1000,
respectively) by axons growing from the rostral margin on to the tec-
tum/SC, and then organizing into a map. In each panel individual RGC
axons are represented by gridline intersection points, and axons origi-
nating from neighboring points in the retina are connected by gridlines
(Supplementary Movie M1). e Ingrowth is now modeled as a series of

competition in shaping trajectories, in addition to chemoaf-
finity.

We also tested the effect of increasing degrees of order
within the optic nerve and/or tract, as is present in some ani-
mal models (Udin and Fawcett 1988). Some computational
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waves from central to peripheral RGCs. Axons enter the tectum/SC in
a stepwise fashion, mimicking the temporal order of arrival seen in
vivo. Time progression is from left to right, and top row, then bottom
row. f Sample trajectories from regenerating new taxons (rostral tectal
border is to the left, reproduced with permission from Fujisawa (1981)).
g Typical trajectories traced out by individual axons in the model for the
conditions shown in (b—d). Model trajectories show similarities to the
trajectories observed experimentally in f (Supplementary Movie M2).
h Similar trajectory tracing, but now in the waves of ingrowth condition,
as shown in e. There is now more variability in the trajectories of these
early-born axons, due to the progressive discrete waves of ingrowth

models depend on some initial bias within the optic nerve
and/or tract to achieve smooth topography (e.g., Willshaw
(2006)), whereas others require significant disorder within
the initial map to achieve certain experimental results (e.g.,
Fraser and Perkel (1990)). Most models also do not test the
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effect of the normal central-to-peripheral order of ingrowth.
Hence it was important that the model presented here did not
require any particular initial conditions, and further that its
results were robust to changes in initial conditions. We found
that this was the case, and in particular, that the model did not
require any initial bias to generate topography (Supplemen-
tary Fig 2). The only noticeable differences in conditions of
more or less order were changes in trajectory shape (Sup-
plementary Fig 3). Hence, in addition to chemoaffinity and
competition, initial position within the optic nerve/tract is
important in shaping trajectories.

Examination of the trajectories of a typical subset of
individual axons from such simulations shows that they
are similar to those seen experimentally in some species
(Fig. 2F-H, see also Supplementary Movie M2). Hence all
other results presented here model all RGC axons growing in
together, with no initial ordering within the optic nerve/tract.

3.2 Surgical graft experiments

A series of experiments in the 1970s and 1980s tested hypoth-
eses regarding the mechanisms of retinotectal map formation
by rotating and/or translocating pieces of retina and/or tec-
tum (Udin and Fawcett 1988). These experiments showed
that, if the manipulations were performed at an early enough
developmental stage, the maps formed were consistent with
the hypothesis that marker gradients were rotated/translo-
cated together with the grafts (Yoon 1973; Hope et al. 1976).
When a piece of tectum was rotated by 90° (Fig. 3a, Sup-
plementary Movie 3) or 180 ° (Fig. 3b) in the model, it was
found that the corresponding region of the resultant map was
similarly rotated, consistent with these experimental data.
Furthermore, when two pieces of tectum were removed and
their positions exchanged without rotation (reciprocal trans-
location) in the model, again the resulting map followed the
surgical rearrangement (Fig. 3c, Supplementary Movie 4).
These results show that the model reproduces experiments
that highlight the role of chemoaffinity in map formation.
Such data have proved challenging to reproduce in some pre-
vious models (e.g., Hope et al. (1976)), and have not been
addressed at all by others (Honda 2003; Yates et al. 2004;
Tsigankov and Koulakov 2006).

3.3 Size disparity, mismatch, and compound eye
experiments

Another type of surgical manipulation involves excising part
of either the retina or the tectum to produce a size disparity
between the two. In these cases, it was found that the retino-
tectal projection expands or contracts so as to smoothly map
the whole of remaining retina to the whole of the remaining
tectum (Yoon 1976; Schmidt et al. 1978; Udin and Fawcett
1988; Goodhill and Xu 2005). These experiments contra-

dict the hypothesis that chemoaffinity labels rigidly spec-
ify the map, as well as computational models based on this
assumption (e.g., Gierer (1987); Nakamoto et al. (1996);
Honda (1998); Yates et al. (2004); Koulakov and Tsigankov
(2004)). This conclusion was also reinforced by “mismatch”
experiments, where, for instance, the nasal half of the ret-
ina and the caudal half of the tectum were both removed,
leaving none of the normal correspondence between retinal
and tectal labels. Despite this, a smooth map still formed
(e.g., Horder (1971)). In a similar experiment, which pre-
serves relative size between eye and brain but engineers a dis-
crepancy between marker labels, compound eyes have been
formed by joining two nasal half retinas together and allow-
ing the projection to reform. Both halves expanded similarly
to cover the whole tectal rostrocaudal extent, and remained
topographic.

All these results can be reproduced using our model
(Fig. 4, Supplementary Movies 5 and 6). In the retinal
ablation and compound eye experiments, the influence of
competition overrides the chemoaffinity influence, allowing
expansion of RGC axons into normally inappropriate tectal
territory. However an exception occurs if fiber density is low,
in which case map expansion and mismatch performance are
poor due to a lack of competition (see Supplementary Fig. 4).
In the tectal ablation and mismatch experiments, the projec-
tions are compressed and shifted respectively, while main-
taining topography, reflecting a balance in these simulations
between competitive and chemical guidance influences.

3.4 Map ordering without competition

The importance of competition for retinotectal map forma-
tion has recently been questioned by the finding that indi-
vidual RGC axons in zebrafish can still project relatively
normally in the tectum even in the experimentally induced
absence of other RGC axons (Gosse et al. 2008). We therefore
modeled the ingrowth of only one RGC axon into the tectum
(Fig. 5a). As expected, the axon terminated in its topographi-
cally correct location due to the chemoaffinity influence. This
‘sparse’ simulation was repeated for each of the 400 RGC
retinal positions used in other results; the combined topog-
raphy of these is shown in Fig. 5b. We then compared this
with the topography in the normal or ‘dense’ case where all
400 axons grow in together (Fig. 5c,d). In this latter case, the
effect of the competition term is to compress the termina-
tion zone of each axonal arbor. To quantify this effect, arbor
sizes were calculated for each axon by taking the difference
between most medial and most lateral fibers (x), and the
difference between the most rostral and most caudal fibers
(y). The resulting average arbor size in the dense simula-
tion was (x,y) = (0.041,0.041), and for the sparse case
(x,y) = (0.23,0.22); the distributions of arbor sizes had
distinct means, with P < 10~ %in a paired ¢-test. Thus, the
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Fig. 3 Modeling graft rotations and translocations. Simulation results
averaged over ten runs for graft manipulation experiments, and normal
development for comparison (c.f. Fig. 1, in which only single simula-
tion runs are presented). a, e, i, m Normal development. b, f, j, n 90°
graft rotation. A central piece of tectum is excised, rotated 90°, replaced
and allowed to re-establish connections (Supplementary Movie M3). ¢,
g, k, o Similarly, 180° rotations are performed. d, h, 1, p Now a trans-
location is made: two pieces of tectum are excised, have their positions
exchanged, and are allowed to reconnect (Supplementary Movie M4).
a—d Schematic representations of the experimental manipulations. e-h
Corresponding model results in topographic grid form. Note in g that

model is consistent with the findings that competition is not
required for a (mostly) normal map to form, but that when
present it causes a compression of axonal arbors (Gosse et al.
2008). However, it is clear from Figures 3 and 4 that com-
petition can play an important role in structuring perturbed
mappings.
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axons on the graft normally terminating in the bottom right of the tar-
get (colored yellow) now target upper left, as appropriate. Similarly, in
h axons on a graft that normally target upper areas of the tectum (col-
ored blue-green) now target lower. i—p Plots of single axis topography
were created by plotting tectal positions against position of retinal ori-
gin for all branches in the simulations. i-1 Single axis topography for the
nasotemporal to rostrocaudal maps using branch positions. m—p Simi-
larly, single axis topography for the dorsoventral to mediolateral map.
For all three scenarios, the model matches the observed experimental
behavior. Supplementary Movies 3 and 4 show stepwise evolution of a
graft rotation and a graft translocation

In the single axon simulations, fibers appear to be pushed
away from their desired positions by competition until this
force is balanced by chemoaffinity, while in dense simula-
tions the same competition force is balanced out by the pres-
ence of many other fibers. In Fig. Se, arbor size is plotted
against branch interaction radius, and we see that there is
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Fig. 4 Size disparity and mismatch experiments. a, e, i, m Retinal
ablation (map expansion). When half of the retina is ablated the map
expands to fill the entire tectum. b, f, j, n Tectal ablation (map com-
pression). Similarly, when half of the tectum is ablated, and the map
compresses to smoothly occupy the remaining tectal space. ¢, g, k, o
Mismatch between retina and tectum. When half the retina and the non-
corresponding half of the tectum are ablated, a smooth map is formed
despite the mismatch of chemoaffinity labels. d, h, I, p Compound eye
experiment, where two nasal half retinas are surgically fused. The two
half retinas are shown in different colors; blue for the native half, and red

a strong correlation between the two quantities. In Fig. 5f,
map precision (see Methods) is compared in the dense and
sparse cases. Despite the increased arbor size in the sparse
simulations, there is very little difference in the precision of
the map between the two cases.
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for the half retina which has been surgically added. a—d Schematic repre-
sentations of the experimental manipulations. e-h Grid representations
of model results. i-1 Single axis topography along the nasotemporal
to rostrocaudal map matches that expected from these results: expan-
sion, compression, and shift respectively. m—p Topography along the
dorsoventral to mediolateral map is preserved in all simulations. In all
cases, the map remains topographically ordered. Supplementary Mov-
ies 5 and 6 show stepwise evolution of retinal ablation and mismatch
experiments

3.5 Collapse-like phenomena in simulations of EphA3 and
EphA4 manipulations

A number of recent experiments have tested the contribution
of ephrinA ligands and EphA receptors to map formation. In
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the experiment of Brown et al. (2000), EphA3 was knocked-
in to half of all RGCs (randomly distributed), while remain-
ing normal in the other half. Experimentally, complete map
duplication was observed in the homozygous case, with the
knock-in map being spatially shifted relative to the wild-type
map. However, in the heterozygous case, map duplication
was observed only at one end of the SC (where EphA levels
were the highest), while in the remainder of the SC the dupli-
cated maps became indistinguishable (overlaid, rather than
shifted); a phenomenon termed ‘map collapse’ by Brown
et al. (2000). We modeled this EphA3 knock-in by add-
ing a fixed amount to the EphA receptor level for alter-
nate RGCs, and by specifying a corresponding shift in the
normal termination site of each of their axons (see Meth-
ods). Our model was able to reproduce both map duplica-
tion and collapse results (Fig. 6). In these simulations, the
wild-type and knock-in populations were separated across
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most of the SC, but were indistinguishable for the remain-
der.

To confirm this was a result of receptor ratio-based axon—
axon interactions, and to examine the contributions of sep-
arate components of the model, the same simulations were
run with either chemoaffinity only; chemoaffinity and com-
petition; or chemoaffinity and axon—axon interactions. When
only chemoaffinity was considered (my = m3 = 0), knock-
in resulted in a second map being formed in addition to the
normal map (Fig. 6d). These two maps result from the two
sets of RGC axons mapping to their appropriate (but in the
knock-in case, shifted) topographic location. However, the
gap between the knock-in map and the wild-type map reduces
as a function of the retinal axial position. This is due to
the constant EphA knock-in value being proportionally less
of the wild-type EphA value temporally c.f. nasally, as the
wild-type EphA gradient is a positive exponential function of
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Fig. 6 Axon—axon interactions are sufficient to produce map collapse
when receptor levels are varied in a subset of RGCs. The experiments
of Brown et al. (2000) were modeled by adding extra EphA to 50% of
RGC:s (alternating). These populations are represented as red (knock-in)
and blue (wild-type). Results presented are from a single run; averaged
runs are presented in Fig. 7. Plots of single axis topography (naso-
temporal to rostrocaudal map) are shown, using mean and standard
deviation (SD) of axon position (a, d, e, f), or individual fiber posi-
tions (b,c). a—c A phenotype similar to the collapse of duplicated maps
is observed, whereby the maps are duplicated in most of the SC but
collapse to a single map in the remainder, as observed in heterozy-
gote EphA3 knock-ins (Brown et al. 2000). Collapse is demonstrated
in axonal positions (mean and SD shown) in a, and in individual fiber
positions in b. Although using different colors for different popula-
tions is useful for visualizing the model, for better comparison with the
experiment (where these wild-type and knock-in fibers are essentially
indistinguishable) a single color plot is included (c). Note that the two

retinal axial position (Supplementary Fig. 1). Although the
two maps move closer in this condition, they do not collapse.
When competition was added (m3 = 0) both the wild-type
and knock-in maps were shifted (Fig. 6e). Although the gap
between the maps remained similar to that in the chemoaffini-
ty-only case, both maps were pushed slightly away from their
chemoaffinity-only positions. Neither of these cases repro-
duced the experimentally observed collapse of the dual map
to a single map observed experimentally, hence we can con-
clude that axon—axon interactions are necessary for map col-

Retinal nasotemporal axis

Retinal nasotemporal axis

populations intermingle at approximately 0.4 along the rostrocaudal tec-
tal/SC axis (or approximately 0.6 along the retinal nasotemporal axis),
comparable to the situation observed experimentally. To tease apart
contributions from individual mechanisms to the collapse phenomenon,
different combinations of mechanisms were modeled. d Chemoaffini-
ty alone (my = m3 = 0). The knock-in causes the maps to separate,
and this map separation reduces as a function of retinal axis position.
e Chemoaffinity and competition (m3 = 0). Maps remain separated,
and competition causes slight shifts in map position from the chemoaf-
finity only case, but there is no collapse. Hence in the model, axon—axon
interactions are necessary to cause map collapse. f Chemoaffinity and
axon—axon interactions (my = 0). Despite showing a trend towards
map collapse, maps remain separated, suggesting that axon—axon inter-
actions are not sufficient to cause complete map collapse. Hence map
collapse in our model requires chemoaffinity, competition, and axon—
axon interactions working together (a—c), and is thus dependent on the
combined effect of all constraints

lapse. But are they sufficient? Fig. 6f shows a simulation with
chemoaffinity and axon—axon interactions, without competi-
tion (my = 0). Although maps trend towards each other more
in this case, complete map collapse is not observed. This sug-
gests that map collapse requires chemoaffinity, competition,
and axon—axon interactions all acting together, and therefore
that map collapse is a truly multiple constraint phenomenon.
(See Methods for details of parameters used in these results,
and Discussion for acomparison with experimental estimates
of these parameters).
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Fig. 7 Map duplication and collapse in EphA3 knock-in and EphA4
knock-out phenotypes. From left to right (all rows): individual fiber
positions (left column), mean and standard deviation of axon posi-
tions (middle column), and modified topographic grids for each case.
The modified grid now displays each population as a separate grid. In
all figures, mutant (knock-in) RGCs are colored red, while wild-type
RGCs are blue. Each row consists of plots of data obtained by aver-
aging over 10 simulations. a, b, ¢ EphA3 ki/+ EphA4 +/+ case, as in
Fig. 6a—c, but now averaged. Doubled maps approximate or ‘collapse’ at
approximately 55% of the nasotemporal axis, and grids transition from
being separate (upper region of ¢) to being overlaid (lower region of c¢).

We next explored the gene dose-related effects of EphA
manipulation by modeling homozygote EphA3 knock-ins
in a similar manner to that described for the heterozygote
case above, and then extended the analysis to include a het-
erozygote EphA3 knock-in combined with a heterozygote
EphA4 knock-out (based on the experiments of Reber et al.
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d, e, fEphA3 ki / ki EphA4 +/+ case. Although significant shifts are still
observed in the knock-in population and parts of the wild-type popula-
tions, the maps no longer collapse, and are separated in proportion to the
increased amount of EphA3 knocked in. Note the topographic grids are
now shifted in their entirety. g, h, i EphA3 ki/+ EphA4 +/— case. Here,
the results of Reber et al. (2004) are modeled, where a heterozygote
EphA4 knock-out in all RGCs is performed in addition to the hetero-
zygote EphA3 knock-in alternate RGCs. The model again reproduces
the experimentally observed map collapse, but in a smaller region than
in the heterozygote EphA3 knock-in alone

(2004); see Methods). In agreement with experimental obser-
vations, larger knock-ins resulted in complete separation of
the two maps (Fig. 7d—f; Supplementary Fig. 5). Adding an
EphA4 heterozygote knock-out maintained an area of map
collapse, but the collapsed area was smaller, as observed
experimentally (Fig. 7g—i). Together, these results suggest
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that receptor ratio comparisons, as suggested by Brown et al.
(2000); Reber et al. (2004), in concert with repulsive/com-
petitive interactions between axons, can indeed result in a
map collapse phenotype.

3.6 Surgical and genetic manipulation experiments can
be reproduced from just one set of model parameters

The model presented here reproduces a broad range of exper-
imental results using a single set of parameters (see Table 2).
Thus, both surgical and genetic manipulation experiments
from different species can be unified in one modeling frame-
work with just one set of parameters. This particular set
of parameters was chosen based on sweeps of parameter
space for all simulations, and although a large subset of
all possible parameters gave reasonable results for individ-
ual manipulations, fewer gave reasonable results for all (see
Supplementary Material for detailed discussion of parameter
sensitivity).

In Fig. 6, the special case m3 = 0 was addressed to show
that when axon—axon interactions were absent, map collapse
did not occur in the model. For all other experiments con-
sidered here axon—axon interactions were in fact not neces-
sary to obtain similar results. The results for m3 = 0 for
other experimental situations are included in Supplementary
Fig. 7. The main differences between the maps generated
with axon—axon interactions and those without are that the
former are slightly less precise than the latter in certain sur-
gical manipulations (only evident on quantification; Supple-
mentary Fig. 8), and that axon trajectories have more devi-
ations when axon—axon interactions are included (data not
shown). This extra map noise has a consistent pattern, and is
greater where absolute receptor levels are higher (generally
rostrally; e.g., Fig. 4f, 1). This appears to result from more
frequent axon—axon interactions that are below the discrim-
ination limit.

To better quantify the relationship between parameter val-
ues and map precision, model parameters were systemati-
cally varied and plotted in Fig. 8 against the ‘distance to
ideal position’ measure of map precision (see Methods). For
simplicity we held all parameters constant except the one in
question. The branch interaction radius demonstrated opti-
mal values from 0.02 to 0.06, consistent with approximate
growth cone size of common model animals used in midbrain
retinotopic map experiments. The lack of precision at lower
values indicates that competition and axon—axon interactions
(which depend more strongly on this value) lose effective-
ness in this range. Higher values become biologically unre-
alistic and lead to excessive effects from competition and
axon—axon interactions, and attenuated effects of chemoaf-
finity. The velocity scaling factor v shows optimal values
around 1, consistent with the notion that low velocities take

too long to form maps while higher velocities cause con-
stant overshoot. The discrimination limit shows a different
trend, with peak precision around 1. Given that neighbor-
ing axons should have ratios close to one, it is intuitive that
values much higher than one cause the axon—axon interac-
tion to have little or no effect. The coefficients for the three
free parameters (controlling competition, axon—axon inter-
action, and chemoaffinity strengths) show similar trends in
that lower values generally result in higher precision. This
is likely to be due to higher values giving such large move-
ment vectors that targets are overshot in one movement at
each iteration, and as such the fiber position tends to oscil-
late around the ideal position (sometimes with large ampli-
tudes).

4 Discussion

We have demonstrated that a relatively simple model of reti-
notectal/retinocollicular map formation based on the Arrow
(Hope et al. 1976) and XBAM (Overton and Arbib 1982b)
models can unify a wide range of apparently disparate experi-
mental results from both surgical and genetic manipulations.
Although a combination of chemoaffinity and competition
are sufficient to account for some experimental findings, our
results suggest that axon—axon interactions, in the form pro-
posed by Reber et al. (2004), are required to cause the col-
lapse of a doubled map to a single one when receptor levels
are artificially increased. These areas of map collapse appear
to be a result of axon—axon interactions creating areas of
greater competition than in normal maps, with resultant shifts
in parts of the axonal population. Together these results argue
that the graded interaction of multiple constraints may be a
principle underlying retinotectal/retinocollicular map forma-
tion across a wide variety of circumstances.

4.1 Mechanisms of the model

Employing a more abstract “implicit” chemoaffinity mech-
anism in the model is a simplification, but this allowed us
to examine the effect of axon—axon interactions without the
potentially confounding influence of particular choices of
chemoaffinity mechanism. Choosing a specific mechanism
would typically involve many more parameters, and necessi-
tate some arbitrary assumptions, given that the biological data
regarding chemoaffinity is unclear as to specific biophysi-
cal mechanisms. Leaving the chemoaffinity mechanism as
abstract/generalized allows us to tease apart the mechanisms
behind retinotectal mapping, without the above problems.
Examining and comparing specific chemoaffinity mecha-
nisms, such as the servomechanism model (Honda 1998),
is beyond the scope of this article.
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Fig. 8 Variation of map precision with system parameters. All panels:
Map precision plotted against parameter values for the branch interac-
tion radius r, velocity scaling constant v, discrimination limit s, and
m1—3. Map precision here is read out in terms of distance to ideal posi-
tion, i.e., closeness to the ideal topographic map (see Methods). This
measure uses normalized length units, as for other simulations, such that
tectal/SC length and width vary between (0, 1). All plots are for normal
development. a Values of the branch interaction radius r between 0.02

Competition in the model is represented using a dis-
tance dependent repulsion, because this models a compe-
tition for target space, and is advantageous in that it requires
little parameterization (having only one fixed parameter,
identifiable with growth cone size). Although mathemati-
cally similar, the mechanisms of competition and axon—axon
interactions in our model are quite distinct. In the axon—axon
interaction, the repulsion is experienced by only one out of
the two interacting fibers and is thresholded, compared to the
unthresholded bilateral repulsion of the competition term.
Also, the different coefficients my & m3 allow the magni-
tude of these effects to vary. These mechanistic differences
translate into different effects, as can be seen, for example,
in Fig. 6.

Explicit gradients are employed for the axon—axon inter-
action because, in contrast to data for the chemoaffinity
mechanisms, quantitative measurements of the relevant
parameters are available (Reber et al. 2004). Assumptions
regarding thresholded repulsive axon—axon interaction are
based on the demonstration of this type of behavior for
EphA—ephrinA interactions (Hansen et al. 2004; McLaugh-
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Axon-axon coefficient m

3 Chemoaffinity coefficient m

and 0.06 give the greatest precision. b Except at very low velocities,
precision is relatively insensitive to varying the velocity of growth cones
v. ¢ Only values of the relative signaling threshold s close to unity affect
precision significantly, and there is an asymmetry about 1. d—f Increas-
ing the competition coefficient mj, axon—axon interaction coefficient
m3, or chemoaffinity coefficient m1, gradually decreases precision, but
the magnitude of this effect varies between the three mechanisms

lin and O’Leary 2005; Pasquale 2005). We have not included
EphB—ephrinB class axon—axon interactions in this model,
given that there is not the same evidence for these inter-
actions as there are for the A-class interaction (see Meth-
ods). B-class interactions are likely to be attractive/adhesive
in nature and hence may modulate the repulsion effect of the
EphA—ephrinA interaction.

4.1.1 Activity-dependent and activity-independent
mechanisms

We do not include correlated neural activity in our model for
two main reasons. First, it is generally accepted that an initial
coarse map is set up by activity-independent cues, and that
although this map is subsequently refined by neural activity,
this activity is not essential for organizing global topography
(Ruthazer and Cline 2004; McLaughlin and O’Leary 2005).
Second, we have aimed to develop a model of map forma-
tion with as few assumptions and parameters as possible, and
introducing activity brings many more of both of these.
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4.2 Comparison with other models

Several previous theoretical models have made impor-
tant contributions to our understanding of the mechanisms
involved in retinotectal map development (reviewed in (Will-
shaw and Price 2003; Goodhill and Xu 2005; Simpson et al.
2009)). Surprisingly though, there have been few attempts to
create a unifying model of map development that is capable of
explaining normal and perturbed development using the one
framework and parameter set. Godfrey et al. (2009) created
a detailed model of retinocollicular map formation, but only
considered the development of the normal map. Other mod-
els have tackled a broader data set, including the models of
Willshaw and von der Malsburg (1979); Willshaw (2006) and
Weber et al. (1997). These models have been submitted to a
battery of experimental result comparisons, although of these
only the model of Willshaw (2006) attempted to engage with
more modern genetic experiments. In our results, we address
a larger data set, including both surgical and genetic manip-
ulations, and use only the well-established mechanisms of
competition and chemoaffinity, along with axon—axon inter-
actions based on recent experimental work.

Models based on rigid chemoaffinity constraints, while
providing an account of normal development, are unable to
explain the plasticity observed in perturbed situations (Gierer
1987; Honda 1998; Yates et al. 2004). Although modifi-
cations to some of these models allow for some plasticity
(Gierer 1983; Honda 2003), they have still only been applied
to a relatively limited range of data. The model of Gierer
(1983) employs an indirect form of axon—axon interaction
through its ‘regulation” mechanism, which has similarities
to the retinal induction mechanism proposed by Willshaw
and von der Malsburg (1979). Our model differs from these
since we use competition and receptor ratio-based axon—axon
interactions independently, and both of these mechanisms are
well-grounded in the experimental literature. Sorting models
(Hope et al. 1976; Koulakov and Tsigankov 2004; Tsigankov
and Koulakov 2006) assume that all axons are already pres-
ent in the tectum/SC and consider only an abstract ‘swap-
ping’ of the positions of terminal arbors. This fails to explain
the smooth trajectories of axons growing into and rearrang-
ing within the tectum/SC that we have demonstrated in our
model. These models are also unable to address the ingrowth
of isolated axons as in the experiments of Gosse et al.
(2008).

Most other models do not attempt to address both sys-
tems-level and genetic perturbations, and from their assump-
tions it seem unlikely that they would be capable of this
without significant changes. Multiple constraint models have
shown more success at reproducing systems-level perturba-
tions (Overton and Arbib 1982b; Fraser and Perkel 1990),
as have some models that considered how activity-depen-
dent and molecular cues might interact to determine map

structure under a variety of conditions (Whitelaw and Cowan
1981; Cowan and Friedman 1991; Weber et al. 1997). How-
ever, these models have generally not been updated to take
account of data from genetic manipulation experiments. An
exception to this is the marker induction model, which has
not only demonstrated that it can replicate many of the surgi-
cal style manipulations presented here (Willshaw and von
der Malsburg 1979), but it has also been recently modi-
fied and applied to EphA genetic manipulation experiments
(Willshaw 2006). The marker induction model relies on the
assumption that molecules on retinal axons directly modify
the gradients present in the tectum/SC. Although direct evi-
dence for this mechanism is limited, it has been shown to
be effective in topographic organizing behavior in a range of
scenarios.

4.2.1 Comparison with XBAM and Arrow models

The original XBAM (Overton and Arbib 1982b) consid-
ered the summed effect of vector influences on growth cone
motion and was successfully able to reproduce a number of
surgical manipulations in 1D. This success was in part why
we updated and expanded the model to tackle larger datasets.
While here we have addressed in 2D some of the same sur-
gical manipulations that were modeled in 1D in the original
XBAM, we have also included other surgical manipulations
not modeled in the original (mismatch, 90° graft rotation) as
well as the newer genetic manipulations, and conditions of
reduced competition.

There are a number of advantages of this 2D model over
the original 1D model. Some experiments simply cannot be
modeled in 1D (such as 90° rotations), while others have
altered and/or more complex geometry in 2D (180° rotation,
translocation) so that results may be expected to differ in 1D
versus 2D. Some mechanisms also have a different geometry
and form in 2D (e.g., axon—axon interactions), and the effect
of mechanisms differs when fibers can move in two dimen-
sions. As a result, we can realistically trace trajectories in
2D, but not in 1D.

We note that although XBAM was in 1D, the model upon
which XBAM was based, the Arrow model (Hope et al.
1976), was in 2D. This allowed the Arrow model to be applied
to 90 ° rotations and translocations, but in contrast to our
model, the Arrow model employed discrete arrays for the
pre- and post-synaptic neurons, and used only one influence
(a ‘switching’ algorithm).

4.2.2 Comparison with Reber et al. (2004)
The model presented here is consistent with the general

assumptions and data presented in Brown et al. (2000);
Reber et al. (2004), but is different from the quantitative
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model presented by Reber et al. (2004) in several ways.
First, the model we present uses a simple but biologically
plausible implementation for how relative signaling is car-
ried out, based on established EphA/ephrinA behavior. Sec-
ond, an explicit and complete framework (using multiple
constraints/influences) is presented, and simulations of map
development under various conditions are carried out. Third,
although we reach similar conclusions to those of Reber and
colleagues regarding the importance of relative signaling,
these ideas are developed further in our model by examining
the mechanisms for how this might be implemented biologi-
cally, by showing how it relates to other mechanisms of map
development, and by considering alternative interpretations
of the relative signaling idea (see below).

We have shown that using multiple constraints, it is not
necessary to assume that axons compare themselves with a
‘dominant polar reference cell’ to explain wild-type maps.
Nor is it necessary to speculate on the involvement of addi-
tional mechanisms (such as correlated activity) in shaping
the map in areas where the local relative signaling ratio falls
below the discrimination limit. In contrast, in the model
presented here, wild-type maps are largely governed by
the well-established chemoaffinity hypothesis (Figs. 2, 3),
while collapse behavior requires all three mechanisms act-
ing together in a graded fashion (Fig. 6). Axons are guided
weakly by chemoaffinity, duplicating the topographic map,
but bringing the duplicated maps closer together rostrally,
which aids in map collapse (Fig. 6d). The addition of a stron-
ger competitive influence provides a generalized competi-
tion for target space, which can be modulated by the axon—
axon interaction (Fig. 6e). Adding local interactions between
axons using their EphA receptors creates regions of greater
and lesser competition throughout the tectum/SC, breaking
the duplicated maps’ symmetry and allowing areas of
collapse to form (Fig. 6a—c). Hence, we suggest that map
collapse in EphA3 knock-in experiments is a truly multiple
constraint phenomenon, for which each of the three con-
straints modeled are necessary, but none is sufficient alone.

To reproduce the EphA manipulation results, we did not
attempt to exactly match the parameter values of our model to
the values suggested in Reber et al. (2004). For instance, the
parameter determining the effect of the knock-in on chemoaf-
finity was allowed to vary independently from the parameter
determining the effect of the knock-in on axon—axon inter-
actions (Table 4), since there is no reason to think these two
quantities will scale in exactly the same way. In addition,
the gradients measured by Reber et al. (2004) were mRNA
rather than protein, and no error estimates were given for
some of the numbers quoted (e.g., the signaling ratio of 1.36
and collapse point of 76%), or for the precise structure of the
maps.

The algorithm for axon—axon interactions in our model
offers an alternative interpretation for the relative signaling
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mechanism. We have assumed that two nearby growth cones
can interact, compare EphA levels, and experience repulsion
if this ratio is above a threshold. However, this ‘receptor ratio
comparison’ seems like a difficult task for growth cones to
perform. We can arrive at a simpler explanation if we assume
that gradients in pairs such as ephrinA and EphA are at least
approximately multiplicative inverses (e.g., ¢* and e™*), so
that we can write the discrimination limit as a product of
EphA and ephrinA levels, rather than a ratio of EphA recep-
tor densities. This then resembles a typical mass action inter-
action between receptor and ligand, and both repulsive and
thresholded characteristics of this interaction are supported in
the literature (Wilkinson 2001; Hansen et al. 2004; Pasquale
2005). The multiplicative inverse gradient idea is lent sup-
port by the previous assertions by others that a servomech-
anism-type mass action law exists for the EphA—ephrinA
interaction, and that this controls retinotectal/retinocollicu-
lar mapping (Nakamoto et al. 1996; Honda 1998; Hansen
et al. 2004). Essentially, if one assumes a servomechanism
rule with So = RL (where Sy is a signal produced by the
interaction of a receptor R and ligand L), then this implies
gradients are multiplicative inverses within a factor of Sp.
Similarly, a multiplicative inverse rule implies a servomech-
anism rule with Sy = 1. Hence with only some simple and
plausible assumptions, the EphA receptor ratio comparison
with threshold—a rather abstract concept—can be reduced
to a more familiar mass action rule, one for which threshol-
ded/biphasic behavior has already been demonstrated.

4.3 Species differences

In chicks and mice, the predominant guidance mechanism for
RGC axons in the tectum/SC appears to involve biased inter-
stitial branching according to Eph/ephrin gradients, rather
than the directed growth due to the same gradients as seen
in lower vertebrates such as fish and frogs (McLaughlin and
O’Leary 2005). We did not directly model interstitial branch-
ing, yet our model can produce a map collapse phenom-
enon similar to that observed in mice. This suggests that
the patterning of topographic maps may be independent of
whether axons branch or turn towards desired termination
zones. Indeed, although our model fits more into the cate-
gory of a ‘growth cone guidance’ model rather than a ‘biased
interstitial branching’ model, it would be surprising if topo-
graphic mapping in different model systems was actually
this distinct, given that axon targeting mechanisms are highly
conserved between species. It is possible that instead there
are general mechanisms that control map formation in most
model systems, and that observed differences are due to phys-
ical constraints (e.g., gradient steepness, midbrain size, and
axon number) and perhaps slight differences in the relative
importance of mechanisms between species. Both guidance
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and branching mechanisms may be specific realizations of
a general axon guidance model, and both biased branch-
ing and growth cone guidance can perhaps be considered
as limiting cases of this general model. We also suggest that
this approach has advantages over explicitly modeling biased
branching (e.g., Yates et al. (2004); Godfrey et al. (2009)),
which requires many additional assumptions, and is depen-
dent on a larger number of parameters than our model.

4.4 Model predictions

Our model makes a number of novel predictions. It has pre-
viously been suggested that the shapes of axon trajectories
observed during normal development arise from differences
in the strength of chemoaffinity along the two tectal axes
(Gierer 1987). In contrast, our model predicts that these tra-
jectories are influenced more strongly during initial ingrowth
by the competitive influence of other fibers, with the influence
of chemoaffinity based guidance becoming predominant only
later (Fig. 2). A corollary of this is the prediction average
trajectory shape should vary as the density of fibers arriving
on the tectum/SC varies, which may be expected at differ-
ent developmental timepoints in map formation. Similarly,
the model predicts that all trajectories should be straighter if
axon density is artificially reduced, for instance, when only
single RGCs are present (Gosse et al. 2008). We also predict
that, due to reduced competition, reduced axon density would
cause a failure of the normally observed map expansion and
compression when part of the retina or tectum is removed.
This could be tested experimentally by a novel combina-
tion of single axon topography methods in zebrafish (Gosse
et al. 2008) with surgical manipulation methods previously
well established in other fish and frog species (see Udin and
Fawcett (1988) or Goodhill and Xu (2005) for reviews of
these types of experiments).

Our model also suggests a possible extension of the
relative signaling hypothesis in terms of effector mecha-
nisms. We propose that (1) a means by which the EphA
receptor comparison is carried out could be through inter-
action with ephrinA ligands, (2) the molecular mecha-
nism may be a thresholded mass action interaction between
these receptor-ligand pairs, and (3) that this interaction
causes repulsion primarily through forward signaling (i.e.,
the growth cone bearing the higher EphA level is repelled;
see Methods for more detail). In our model, forward sig-
naling through EphA receptors gives the best map collapse
results (Supplementary Fig. 6). However, this is not at odds
with work showing that reverse signaling (through ephrinA
ligands) is involved in topographic mapping in other ways
(for example, through the interaction between RGC eph-
rinA and EphA in the midbrain target, as in Rashid et al.
(2005)). That is, this proposed predominance of forward sig-

naling is specific to axon—axon interactions. This conclusion
also offers an explanation for previous experiments dem-
onstrating that temporal RGC axons are repelled by nasal
axons, but that the reverse is not true (Bonhoeffer and Huf
1985). This result falls naturally out of an assumption that
forward signaling through EphA is the dominant pathway
in thresholded RGC axon interactions. Hence, we further
predict that physically blocking the EphA—ephrinA interac-
tion between two RGC axons, while maintaining guidance
by tectal/SC molecular cues, would eliminate the map col-
lapse phenomenon, and perhaps also the previously observed
differences in repulsion between nasal and temporal RGC
axons.

We also predict that EphA and ephrinA might exist in
shapes that are at least approximately multiplicative mathe-
matical inverses. For example, in the case of an EphA gradi-
ent of ¢*, we would expect an ephrinA gradient of e . The
wild-type EphA gradient described by Reber et al. (2004),
which we have used in this study, R(x) = 0.26e23% +
1.05, has an approximately linear multiplicative inverse.
Although this linear gradient is roughly consistent with previ-
ous experimental work, detailed quantitative measurements
of both EphA and ephrinA protein gradients have not yet
been performed, and hence this prediction remains to be
tested.

Axon—axon interactions, like competition, can be enacted
through neural activity or through molecular/physical means.
Hence if map collapse is an axon—axon interaction-based
phenomenon, it could be due to correlated activity, or molec-
ular mechanisms, or both. Our model suggests that activity-
independent axon—axon interactions are sufficient to induce
this type of phenomenon, and that map collapse could there-
fore be stable under conditions of altered or absent correlated
activity.

We also suggest an alternative explanation for the coarse-
ness associated with activity-independent map formation,
in that it may not be caused by physical limits associated
with gradient sensing, but rather by noise contributions from
multiple redundant mechanisms of map formation. Multiple
mechanisms acting in concert give the mapping more flexi-
bility to respond to different perturbations, but come at the
expense of reduced precision in the final map. In contrast,
activity-dependent mechanisms may have greater precision,
but less flexibility, and rely on activity-independent mecha-
nisms to give an overall structure to the map. In this way activ-
ity-dependent and activity-independent mechanisms work
together to give flexibility and precision. More specifically,
we predict that activity-independent map noise should vary
predictably and consistently across the tectum/SC and be
greater in areas of the midbrain target where receptor levels
are higher (generally rostrally, e.g., Figs. 3, 4). We suggest
that this is the result of more frequent subthreshold axon—
axon interactions in these areas.
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4.5 Conclusions

Together the results we present argue that the graded inter-
action of multiple constraints may be an important princi-
ple underlying retinotectal/retinocollicular map formation
across a wide variety of circumstances, and that the compu-
tational form of this interaction need only be a simple linear
sum. We have shown that a combination of chemoaffinity,
competition, and axon—axon interactions can account for a
wide range of experimental results. In addition, we suggest
that forward signaling through EphA receptors in repulsive
axon—axon interactions may be important in map collapse
phenotypes, and in topographic map formation more gen-
erally. We suggest that in addition to further experimental
work, this kind of simple but unified modeling has the poten-
tial to drive our understanding of neural map development
forward.
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